Abstract. It is shown that for every closed, convex and nowhere dense subset C of a superreflexive Banach space X there exists a Radon probability measure µ on X so that µ(C + x) = 0 for all x ∈ X. In particular, closed, convex, nowhere dense sets in separable superreflexive Banach spaces are Haar null. This is unlike the situation in separable nonreflexive Banach spaces, where there always exists a closed convex nowhere dense set which is not Haar null.
A Borel subset A of a separable Banach space X is called a Haar null set if there exists a probability measure µ on the σ-algebra of Borel subsets of X so that µ(A+x) = 0 for all x ∈ X (see [C] also for the following properties of Haar null sets). The family of all such sets is closed under translation and under countable unions; nonempty open sets do not belong to it. The Haar null sets agree with Lebesgue null Borel sets in finite dimensional spaces. This definition of null sets is rather weak, as every compact set in an infinite dimensional space is a Haar null set. In fact, in infinite dimensional superreflexive and nonreflexive Banach spaces even all weakly compact convex sets with empty interior are Haar null. For superreflexive spaces this follows from our result. If K is a weakly compact and convex subset of a nonreflexive Banach space, then t>0 t(K − K) = X and there exists x ∈ X so that the intersection of the line segment [0, x] and any translate of K contains at most one point. Consequently, if µ is Lebesgue measure on [0, x] , then µ(K +x) = 0 for each x ∈ X. In [MS] it is shown that a separable Banach space is nonreflexive if and only if there exists a closed convex subset Q of X with empty interior, which contains a translate of any compact subset of X. Such a set Q is not Haar null because given any probability measure µ on X there exists a compact set K with µ(K) > 0 and, consequently, also a translate of Q of positive measure. It follows that every separable nonreflexive Banach space contains a closed convex set with empty interior which is not Haar null. In this note we show that this is unlike the situation in superreflexive spaces, where for every closed convex set C with empty interior there exists a Radon probability measure µ on X so that µ(C + x) = 0 for all x ∈ X. We do not know if such a measure exists when X is only reflexive or, equivalently, if the positive cone of every reflexive Banach space with a basis is Haar null.
There are several results dealing with the question of how often a convex continuous function on a Banach space is differentiable. Let us mention a few examples of the "almost everywhere" ones. In the finite dimensional spaces the theorem of Rademacher says that every locally Lipschitz (and, hence, every convex and continuous) function is almost everywhere Fréchet differentiable. In separable Banach spaces the substitute for this theorem is Aronszajn's theorem [A] , which says that every locally Lipschitz function is Gâteaux differentiable outside of an Aronszajn null set. This does not hold for Fréchet differentiability even in reflexive spaces as the Hilbert cube D = {x ∈ 2 : 0 ≤ x n ≤ 1/n} is not Aronszajn null (cf. [A] ) and the distance function to D (which is convex and continuous) is not Fréchet differentiable at any point of D. One may wonder if it would help to replace the Aronszajn null sets by some larger class of null sets, for example, the Haar null sets. This is not the case for functions which are just Lipschitz; from [PT] it follows that on every separable Banach space there exists a Lipschitz function for which the set of points where it is not Fréchet differentiable is not Haar null. In every separable nonreflexive space, there even exists a convex continuous function with this property. Indeed, the distance function to a closed convex subset K of a Banach space is not Fréchet differentiable at any point of the boundary of K, so the distance function to a closed convex set which is not Haar null and has empty interior will do as an example. We do not know whether such an example exists in separable reflexive spaces. From our result, which answers negatively a conjecture in [BN] , it follows that in separable superreflexive space one can not construct an example as above since the boundaries of convex sets are Haar null. For sets with nonempty interior this is true in any separable Banach space. Indeed, it is easy to see that if K is a closed convex set with the origin in the interior then the supremum of the Minkowski functional of K and the constant function equal to one is not Gâteaux differentiable at any point of the boundary of K. Consequently, the boundary is, by Aronszajn's theorem, Aronszajn null and hence also Haar null. If the interior of K is empty, this trick does not always work. If K is not Aronszajn null (for example, take again the Hilbert cube D in 2 as above) then every convex continuous function is Gâteaux differentiable also at some points of K. Finally, let us remark, that if instead of Fréchet smoothness we consider the stronger notion of Lipschitz smoothness then there exists a convex continuous function on 2 such that the set of points where it is not smooth is not Haar null [MZ] .
Let X be a Banach space with a Schauder basis {x n }. We say that the basis is normalized, if x n = 1 for all n ∈ N. By the positive cone of X we mean the (necessarily closed and convex) set
The characteristic of the basis is the largest of all ε ≥ 0 for which
if n > k and {a i } is any sequence of numbers; it holds always that 0 < ε ≤ 1. A Radon measure on a Banach space X is a measure on the σ-algebra of Borel subsets of X, which is inner regular with respect to the compact sets. We say that a convex subset C of a Banach space X is spanning if it contains a line segment in every direction, that is,
In [MS] it is shown that if Q is a closed, convex, bounded, spanning and nowhere dense subset of a Banach space X, and T : X → Y is a surjective, continuous and linear operator with finite dimensional kernel, then T (Q) is also a closed, convex, bounded and spanning subset of Y with empty interior. Proof. If C is a closed, convex and nowhere dense subset of a weakly compactly generated Banach space X, then there exists a projection P onto a separable subsace Z of X such that the interior of P (C) in Z is empty (see Lemma 3). Therefore, we may suppose that X is separable. Let us recall the following elementary fact: if K is a closed, convex and nowhere dense subset of a Banach space then for every ε > 0 there exists a norm one element x * of the dual so that x * , x > −ε for all x ∈ K. Choose a sequence {x n } that is dense in the unit sphere of X. For n ≥ 1 construct, by induction, a sequence {x * n } in the unit sphere of X * and a sequence {v n } in X as follows. Set k 0 = 1. Put X n = span{x 1 , . . . , x kn−1 } and choose a closed subspace Z n of X so that X n ⊕ Z n = X. Let P n : X → Z n be the projection with kernel X n . Then P * n is an isomorphism between Z * n and the annihilator X
n . Let C n be the projection of C in Z n . Since C is closed, convex, bounded, nowhere dense and spanning, C n is a closed convex set with empty interior by the result from [MS] mentioned above. Consequently, there exists z * n ∈ Z * n so that z * n = 1 and z * n , z ≥ −c n /4
n , x * n = 1, and for each x ∈ C we have that
since P n (x) ∈ C n . Now choose an integer k n ≥ max{k n−1 , n + 1} and real numbers α i , i = 1, . . . , k n , so that for v n = kn i=1 α i x i , it holds that v n ≤ 3/2 and x * n , v n ≥ 1. Since the spaces X n are increasing, their union is dense in X, and each x * n annihilates X n , it follows that the sequence {x * n } converges to zero in the weak
where the last inequality follows from the fact that v i ≤ 3/2. Since X is separable and x * n is a weak * -null sequence in the sphere of X * , it has a subsequence which is weak * basic (cf. [LT] , pg. 11). Without loss of generality, suppose that {x * n } is already such a sequence. Let {x * n } ⊥ be the annihilator of {x * n } in X. Then (again, see [LT] ), the quotient space Y = X/{x * n } ⊥ has a basis {y n } and
where T : X → Y is the quotient map and {y * n } are the coeficient functionals of {y n }. Then,
n , x + v ≥ 0 for all x ∈ C and n ∈ N . Consequently, the projection of C is contained in the positive cone of Y .
The construction of the measure on 1 in the proof of the following lemma is a modification of the proof in [BN] (p. 54), where it is shown that for p ≥ 1 the positive cone of p is Haar null.
Lemma 2. Let X be a Banach space with a normalized Schauder basis {x n }, and suppose there exist p ≥ 1 and K > 0 so that
for all real numbers β i , i = 1, . . . , n and n ∈ N . Then the positive cone Q of X is Haar null.
Proof. Firstly, let us construct a probability measure µ on the positive cone of 1 such that whenever (β n ) is a sequence in p then
To this end, choose a point (a n ) in p+1 \ p with each a n > 0; for example put a n = n −1/p . Fix independent random variables f n : [0, 1] → [0, 1] such that λ{t ∈ [0, 1] : f n (t) = 0} = 1 − a p n and λ{t ∈ [0, 1] : f n (t) = a n } = a p n , where λ denotes Lebesgue measure. Let F (t) = (f n (t)) be the mapping from [0, 1] to R ∞ , the countable product of the reals with the product topology. Then F is Borel measurable because it is coordinatewise measurable, and we can define a Borel probability measure ν o on R ∞ as follows:
for every Borel subset A of R ∞ . Let ν be the completion of ν o . Consider the natural imbedding g((α n )) = (α n ) of 1 into R ∞ . Since 1 is a complete metric space and g is continuous, g carries Borel subsets of 1 to analytic subsets of R ∞ , and the latter, by a theorem of Szpilrajn-Marczewski, are ν-measurable since ν is complete. (Or, more easily, observe that closed balls in 1 are closed subsets of R ∞ ; namely,
Therefore, Borel subsets of 1 are Borel also in R ∞ , since 1 is separable.) Hence, if we define µ(B) = ν(g(B)) for Borel subsets of 1 , then µ is a Borel measure on 1 . To show that µ is a probability measure on 1 it is enough to check that (f n (t)) ∈ 1 for almost all t ∈ [0, 1]. This follows because we have
and this proves that |f n | < ∞ almost everywhere. Hence µ( 1 ) = 1. Fix (β n ) ∈ p . If β n < 0 for some n, then, clearly, µ{(α n ) ∈ 1 : α n ≤ β n } = 0; otherwise,
and we have a contradiction. Now, let T ((α n )) = ∞ n=1 α n x n be the natural linear imbedding of 1 into X. Then the formula τ (B) = µ(T −1 (B)) for Borel subsets B of X defines a Borel probability measure on X. Let us show that τ(x − Q) = 0 for every translate x − Q of the negative cone −Q.
where the latter equality follows from the fact that if ∞ n=1 β n x n ∈ X, then (β n ) ∈ p by (1). Hence, the negative cone −Q is Haar null in X, and consequently so is Q.
We remark that the convexity assumption in the following lemma is essential; if S is the unit sphere of a Banach space X and P a projection onto a subspace of X then the relative interior of P (S) is nonempty. The lemma holds also, by a result of Vašák [V] (see [S] for a different proof), for weakly countably determined Banach spaces. The proof of the lemma was suggested to us by C. Stegall.
Lemma 3. Let X be a weakly compactly generated Banach space and C a closed and convex subset of X with empty interior. Then there exists a projection P onto a separable subspace Z of X such that the interior of P (C) in Z is empty.
Proof. Since X is weakly compactly generated, by the theorem of Amir and Lindenstrauss [AL] , there exists a sequence of projections P n : X → X so that P n (X) is separable for all n ∈ N , P m P n = P n P m = P min{m,n} for all m, n ∈ N , and P(x) = lim P n (x) for x ∈ X exists and is a projection onto ∪P n (X). Moreover, one can construct these projections so that if P n−1 is already constructed and D n ⊂ X, A n ⊂ X * are given separable sets then P n can be chosen so that D n ⊂ P n (X) and A n ⊂ P * n (X * ) (see [AL] ). Let us construct by induction a sequence of such projections as follows. Let P o be any projection of X onto a separable subspace. If P n−1 was already constructed, choose a countable set D n ∈ X \C so that P n−1 (C) ⊂ D n . This is possible, because the interior of C is empty and P n−1 (C) is separable. Since C is closed and convex, each point of D n can be strictly separated from C by some x * ∈ X * , x * = 1. Therefore we can choose a countable set A n in the unit ball of X * so that for each x ∈ D n there exists some x * ∈ A n and δ > 0 so that
Choose P n as above so that D n ⊂ P n (X) and A n ⊂ P * n (X * ). From the continuity of the projections it follows, that
Also, P (x) = x and P * (x * ) = x * for all x ∈ D n and x * ∈ A n . Let x ∈ D n be given; choose δ > 0 and x * ∈ A n so that (2) holds. Then,
Since D n contains P (C) and each point of D n has positive distance to P (C), the interior of P (C) is empty.
The proof of the following theorem shows that if X is a reflexive Banach space with the property that the positive cone of each quotient of X with Schauder basis is Haar null then for every closed and convex C ⊂ X with empty interior there exists a Radon probability measure µ on X so that µ(C + x) = 0 for all x ∈ X. Superreflexive spaces have this property, since basic sequences in superreflexive spaces satisfy estimates similar to (1) in Lemma 2. Namely, a Banach space is superreflexive if and only if 0 < 2k < ε ≤ 1 < K; then there exist p, q > 1 such that for any normalized basic sequence {x n } in X with characteristic not less then ε we have
for any real numbers β 1 , . . . , β n (see [GG] , or [J] ).
Theorem 4. Let X be a superreflexive Banach space and C ⊂ X a closed and convex set with empty interior. Then there exists a Radon probability measure µ on X so that µ(C + x) = 0 for all x ∈ X. In particular, in separable superreflexive Banach spaces, closed and convex sets with empty interior are Haar null.
Proof. As in the previous lemma, let P be a projection of X onto a separable subspace Z of X such that the interior of P (C) in Z is empty. We will show that P (C) is Haar null in Z. Then, if µ is a Borel probability measure on Z for which µ(P (C) + z) = 0 whenever z ∈ Z we can extend µ on Borel subsets of X by the formula µ(A) = µ(A ∩ Z). Then µ has the required properties since
Since a countable union of Haar null sets is Haar null, we can suppose that D = P (C) is bounded. If D is not spanning in Z, there exists z ∈ Z so that the intersection of any translate of the line segment [0, z] and D contains at most one point. Consequently, any translate of D is a null set for the Lebesgue measure sitting on [0, z] . Suppose that D is spanning. By Lemma 1 there exists a quotient space Y = T (Z) of Z with a basis {y n } and v ∈ Z so that T (D + v) is contained in the positive cone Q of Y , where T is the quotient mapping. By considering {y n / y n } instead of {y n }, we can suppose that the basis of Y is normalized. Since X is superreflexive, Y is also superreflexive, and consequently the basis admits an estimate of type (1). Hence the positive cone Q of Y is by Lemma 2 Haar null; denote by ν a probability measure on Y , for which ν(y + Q) = 0 for all y ∈ Y . Since T is a surjective continuous linear operator, the inverse of T admits, by a theorem of Bartle and Graves (see [BP] ), a continuous selection f . Consequently, the formula τ (A) = ν(f −1 (A)) for Borel subsets A of Z defines a probability measure on Z. Let z ∈ Z be given. Hence τ (D + z) = 0 for each z ∈ Z, and D is a Haar null set.
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